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1. INTRODUCTION 

The issue o f  the lon g-term stab ility o f  the Solar System is o f  course one o f  
the o ldest unsolved problems in Newtonian physics , but recent (largely 
numerical) work has provided some insight into the problem. In particular, 
sever al lin es o f  invest igation suggest that the Solar System is subject to 
the deterministic chaos recently found in many nonlinear Hamiltonian 
systems. This inherent unpredictab ility has profound imp lications for t he 
dynamics o f  the Solar System, not the least o f  whic h  is the demise o f  the 
"clockwork" p icture which dom in ated thinking in th e n in eteen th century 
and car ried over into much of  th e twentiet h. How ever, t he same num er ical 
simulations that provide evidence for chaos also show that in most cases 
the t imesc ale for m acroscopic changes in the system (e. g. large c hanges in 
eccentric ity, crossin g  o f  orbits, ej ect ion o f  bo dies, etc) is several orders o f  
m agn itude lon ger th an the t imescale for unpredictability. In practice, this 
means that although we probab ly will not be  able to c alcu late the exact 
location o f  the Earth in its orbit 1 00 m ill ion years into the future (or the 

265 
0066-4146/93 /091 5-0265$02.00 



D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.

or
g.

  M
cG

ill
 U

ni
ve

rs
ity

 (
ar

-2
53

25
2)

 IP
:  

13
2.

21
6.

19
5.

19
1 

O
n:

 M
on

, 1
6 

F
eb

 2
02

6

15
:2

7:
24

266 DUNCAN & QUINN 

past) there is a reassuringly large probabil ity that it will be in a l ow ­
inclination, l ow -eccentricity orbit w ith semimajor axis of  very n early 1 
A U. Nonetheless, on sufficiently long t imescales rather dramatic orbital 
changes c an occur and for m any m inor bo dies these  timescales are much 
sh orter than the age of th e So lar System. Furth erm ore, it is im portant t o  
understand the origin of this behavior for the present Solar System (and 
oth ers l ik e  it around oth er stars) and to  understand its implications for 
the late stages of p lanet formation. 

W e  do not r ev iew here o ur c urrent  understan ding of  the process o f  pl anet 
formation (see e.g. Liss auer 1 993 in this volume) but w ill concentrate on 
the dynamical e vol ution of the system once th e plan ets have acquired most 
of their material and settled into n early circular, n early coplanar  orbit s. 
We return at the end of this review to the results of simulation s  of the 
dyn am ic al evo lution o f  the p lanets themselves. How ev er, m any asp ects o f  
the evo lution o f  the orbits o f  " test" bo dies (suc h  as comets and asteroids) 
und er the perturbing influence of one or more planets  (a) a re of con­
siderable intrinsic interest, (b) can be n umerically more t ractable, and (c) 
may offer considerable insight int o  the more gen eral dynamical problem. 
There have also been sever al developmen ts in the s tudy of nonlin ear 
dyn am ical systems that c an h elp us to understand the n ew ly emerging 
picture. 

Thus, w e  begin w ith a brief review of those as pects o f  the dyn am ics of  
Hamiltonian syste ms rel evant to  the gra vitational N-body problem, w ith 
an e mpha sis on recent developments whi ch pertain t o  the long- term evo l­
ution o f  orbits. W ith this m athematical m achin ery as  a b asis, we then 
describe in Section 3 some example s  of secular resonances in the inner 
Astero id Belt, c haotic motion n ear m ean-motion reson ances with J up iter , 
and the origins of the Kirkwood gaps in the A steroid Belt. We also d iscuss 
the extent to which it is possible that the structure in the outer A steroid 
Belt has been shaped by the gravitational influences o f  the giant planet s  
(particularly Jupiter) . 

In Sec tion 4 we discuss n um erical s im ulations design ed to test the 
dynamical stabil ity o f  t est particles between the g iant planet s  and beyond 
Neptune. We d iscuss the chaotic nature of orbit s in most of this region 
and describe the scattering of icy planetesimals from between the g iant 
planets into  what is n ow the Oort cloud. We also consider the evid ence 
that a trans -Neptuni an Kuiper belt o f  leftover p lanetesimals m ay be the 
source of short-period comets. In the pen ult imate section we return to the 
l arger question of  the long- term stabil ity o f  the planets themselves and 
present the evid ence that our own syst em (and oth ers like it) are chaotic. 
We conclude with a summary of the results of the previous section s  and 
briefly d iscuss promising areas for future research. 
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SOLAR SYSTEM EVOLUTION 267 

2. HAMILTONIAN DYNAMICS AND THE SOLAR 

SYSTEM 

A H amiltonian system i s  one in which the equation s  of motion for the 
coordinates and associated momenta c an be d erived from a H amilt onian 
function in th e w ay familiar from classical mechanics. Thus, insofar as the 
S un, planets, and min or bodies can be approxi mated as point masses 
int er acting solely via their mutual gravitation al forces, the Sol ar Syst em 
can be viewed as a n onlinear H amilton ian system. It i s  ther efore n ot 
surpr ising that many of the mathemat ic al t echniques used in the study of 
oth er n onlin ear dynamical systems c an be applied t o  the problem at h and. 
In the remainder of this section we w ill simply summarize a few key 
concept s  which will be useful in under st anding the n umerical r esults to  
be presented in subsequent sections. Interested readers w il l  find more 
information in the superb reviews by H en on (1 983) and Berry (19 78) on 
Hamiltonian systems in general and by Wisd om (1 987) on chaotic dynam­
ics in the Solar System in particul ar .  A bri ef di scussi on of the distinction 
between quasi-periodic and chaotic orbit s, and the features of Poincar e  
surfaces of secti on and area-preserving mappings i s  al so gi ven in  a previous 
review art icle (Duncan & Quinn 1992) . 

Each body in a system of N self-gravitating part icles will in general have 
three degrees of freedom (e.g. thiee Cartesian coordinates) and with each 
degree of freedom on e can assoc iate a gen eral ized coordinate and its 
con jugate momentum. The state of the system at any in stant in t ime may 
th en be represented as a point in a 6N-dimen sional phase space and the 
evolution of the system is then a t rajectory (lin e) in this space which begin s 
at some point deter mined by the ini ti al spatial coordinates and momenta 
for each part icle. In some cases, there  exi st one or more independent 
single-val ued function s  of the spatial coord in at es and momenta which are 
conserved along each trajectory of th e system. Each of these functi on s  i s  
c alled an int egral of t h e  motion. (For a single particle moving in a g iven 
potential ,  the most famil iar examples are its energy if the potent ial is 
t ime- independent and /or the component s  of its angul ar momentum if the 
potential i s  spherically symmetric.) If there  exists an independent integral 
for every degree of freedom, th en the system i s  said t o  be integrable and 
H amilton 's equations  c an be used to show that each trajectory i s  then 
confin ed t o  a reg ion that is topol ogically a t orus of d imension equal to  
one h al f  of  th e d imension of  the  phase space. These trajector ies are called 
"q uasi-per iodic" and are the gen er al case for an int egrable H amiltonian. 
For systems with two or more degrees of freedom, h owever, there is n o  
guarantee that there  will be an integral for every d egree of freedom, and 
what i s  often found in practice i s  that for some initial conditions  in a gi ven 
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268 DUNCAN & QUINN 

potential the trajectories are q uasi- periodic a nd for o ther ini tial conditions 
the trajectories are found to be  irregular (or i n  current parlance "chaotic") 
and are not as confined in phase s pace. 

There is a key feature of the irregular orbi ts which we will use here as 
a defini tio n  of "chaos": Two trajectories which begin arbi trarily close in 
phase space in a chaotic region will typically diverge exponentially in time. 
Ironically ,  the tim escale for that divergence in a given chaotic region does 
not typically depend o n  the ini tial condi tions !  Thus ,  if one computes the 
dis tance in 6-dimensional phase s pace d(t) between two par ticles ha ving 
an i ni tially small separation, i t  can be shown that for q uasi- periodic orbits, 
d(t)-d(lo) grows as a power of tim e  t ( ty pically lin early) , whereas for 
irregular orbi ts d(t) grows exponentially as d(to)ent-tol, w here r is con ­
ventionally called the Lyapunov exponent and r-1 is called the Lyapunov 
timescale. Thus , when  plo tted as a function of time, the q uantity 
'Y == In[d(t)jd(O))jt for c hao tic trajectories even tually l evels o ff  a t  a value 
which is the Lyapunov value in tha t region whereas 'Y continues to d ecline 
for q uasi- periodic orbi ts (see e .g. Benettin et al 1 978). We s hall show 
examples of this behavior in subsequen t sections. From this definition of 
chaos , we see that chao tic orbi ts show s uc h  a sensi tive dependence o n  
ini tial conditions that the detailed long- term behavior of the orbi ts is lost 
within several Lyapunov timescales. Even  a per turbation as small as 1 0-10 
in the ini tial condi tions will resul t  in a 1 00% discrepancy in about 20  
Lyapunov times. 

The Solar System is an excel Ient example of a sys tem that is sometimes 
called "nearly in tegrable" in the sense tha t to lowes t order the pla nets 
move o n  i ndependent Kepleria n  orbi ts aro und the Sun and such a system 
is integrable. However, the m utual pla ne tary i nteractions clearly add terms 
to the zeroth order Hamiltonian. Most  of classical per turbation theory 
assumed that al I pro blems are integrable and their per turbation expansio ns 
typically pushed the nonintegrable parts of the Hamilto nian to s uccessively 
higher orders in the perturbation parameters s uch  as the ratio of planetary 
masses to the solar mass , the planetary eccentrici ties , and inclinations. 
However, Poincare (1 892) s howed tha t these per turbatio n series are in 
general divergent and have validi ty only over finite time spans. W e  will 
return to this issue in Sections 3 and 5, but note here that this pro blem of 
nonintegrability for certain ini tial condi tions can at least q uali ta tively be 
understood because of mathema tical work w hich is now collectively known 
as the KAM theorem (see e .g. Heno n  1 983 for a review and references) . 
In brief, for nearly i ntegrable Hamilto nians ,  chaotic regions do not appear 
randomly but are associated wi th trajectories in the original problem in 
which the ratios of characteris tic freq ue ncies of the original problem are 
s ufficiently well approximated by rational n um bers-i .e. near resonances. 
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SOLAR SYSTEM EVOLUTION 269 

The s im plest of these resonances to visualize are so-called mean-mo tion 
resonances, in which the o rb ital periods of two bod ies are commensurable, 
but o thers (fo r example the secular resonances d iscussed below) can be 
important as well .  Numerical in teg ration of o rb its (beginning with the 
classic paper of  H enon & Heiles 1964) has generally confirmed this basic 
pic ture -i.e .  quasi-pe riodic and c haotic o rb its are inextricably intermixed 
in phase space in the same sense that  rational numbers are inextricably 
m ixed with irrationals along the real numbe r l ine, al though the extent and 
impo rtance of the chao tic zones depends on the strength of the per­
turbations and on the location in phase space. We will sce ho w these 
concepts can be applied to o rbits in the Solar S ystem in succeeding sections. 

3. EVOLUTION OF STRUCTURE IN THE ASTEROID 

BELT 

In this section wc usc the long-term evolution of test  particles in the 
Astero id Belt  to illustrate several of the concepts d iscussed abo ve.  We thus 
adopt as a wo rking hypothesis what has come to be called the "gravi­
tational hypothesis "  -namely that virtually all of the s tructure in the 
Astero id Bel t  can be attributed to gravitational i nteractio ns wi th the 
planets which clear aste ro ids from certain regions o ve r  the age of the Solar 
S ys tem. This is suppo rted by the coincidence of depletion and enhancement 
bands with mean motion resonances of Jupite r, the main gra vitational 
perturber in the aste roid region, and with secular resonances to be d is ­
cussed nex t. I t  is no t ye t clear whether the g ra vitational hypo thesis can 
explain all of the details; in particular it may be that some of the depletions 
may be related to the late s tages of planet fo rmation ( the "cosmogonic 
hypothesis") .  This and o ther al te rnatives are reviewed in Greenberg & 
Scholl ( 1 979). 

Classically, much of the d iscuss ion of the long-term evolution of o rb its 
in the Solar S ys tem used secular perturbation theory as its foundation. 
This is described in some deta il in Chapter XVI of Brouwer & Clemence 
(1961) and we cannot reproduce the details here. Essentiall y  t he method 
invol ves wri ting the Hamil ton ian as the sum of a part that describes the 
independent Keple rian motion of the planets about the Sun plus a part 
(called the disturbing function) that conta ins terms due to the pairwise 
in teractions among the planets and the ind irect terms associated wi th the 
back-reaction of t he planets on the Sun. In general, one can then expand 
the d is turb ing function in terms of the small parameters of the problem 
(such as the ra tio o f  planetary masses to the solar mass, the planetary 
eccentric ities, and incl inations e tc) as well as the o ther o rbital elements of 
the planets ,  including the mean longitudes ( i.e. the location o f  the planets 
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2 70 DUNCAN & QUINN 

in their orbits) a nd attempt to  sol ve Hamilton's equations for the t ime­
dependence of the planetary orbital elements. For l ong-term behavior, 
however, a fruitful a pproach (due to  Lagrange and Laplace) invol ves 
averaging the d isturbing function over the mean m ot ions of the planets, 
resulting in what is k nown as the secular part of the d isturbing function. 
If the d isturbing function is further limited to  terms of l owest order, the 
equations of m otion of the orbital elements of the planets can be expressed 
as a coupled set of first-order l inear d ifferential equat ions. This system can 
then be diagonalized to  find the proper m odes, which are sinusoids, a nd 
the correspond ing eigenfrequencies. The e volution of a given pla net's 
orbital elements is, therefore, a s um of the proper m odes. W ith the addition 
of higher order terms the equat ions are no l onger linear; however , it is 
sometimes possible to  find a sol ution of a form s im ilar to  the linear 
sol ut ion, except with shifted proper m ode freq ue ncies and terms involving 
combinations of the proper m ode frequencies (Bretagnon 1 9 74). We shall 
retur n  to d iscuss the long-term val id ity of this method in Section 5, but 
now consider h qw this approach can give insight into asteroidal m otion. 

To lowest order i n  the planetary masses a nd eccentric ities, the secular 
equations for a test particle are a nalogous to those of a dri ven harmonic 
oscillator which has a nat ural freq uency equal to  the precession frequency 
of the argument of perihelion which would be induced on the particle 's 
orbit evcn by pla nets on circular orbits. The driving frequencies are the 
eigenfrequencies for the planetary eccentricity a nd i nclination var iations. 
It is wcll known that the sol ution for a dri ven  oscillator is the s um of 
sinusoidal terms in which the ampl it ude of the term with the nat ural 
freq ue ncy determines the "free" or "proper" eccentric ity in our context 
and in which the ampl it ude for a term with a gi ven  driving frequency has 
a d ivisor which is the d ifference between that frequency and the nat ural 
one. This is an example of what often occ urs i n  expans ions of the d isturbi ng 
function and is called the problem of small divisors. Clearly as we m ove 
to  a region where the two freq ue ncies a pproach one a nother (a "secular 
resonance" in the current context) the amplitude of the forced oscillation 
formally diverges. The existence of secular resona nces in the Asteroid Belt 
was noted as early as the 1 9th century (Le Verrier 1 8 56), and it has l ong 
been  e vident that the inner edge of the Asteroid Belt near 2 AU is near 
s uch a resonance. Williams (1969, 1 9 71 )  i ntrod uced a powerful approach 
to a nalyzi ng secular resonances ,  a nd showed that asteroi ds with a < 2 .6  
AU are severely depleted at  the l ocat ions of the three strongest resona nces. 
Further applications of this approach and numerical studies have accounted 
for m uch of the observed depleti on in the i nner regions of the Asteroid Belt 
(see Scholl et al 1989 for a recent review). Secular resonances may also play 
an important role i n  the stability of planetary orbits, as we shall see. 
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Let us now turn t o  wh at is perh aps m ore obv ious structure in the A steroid 
Belt-that associated with m ean-motion resonances with Jupiter, in which 
a particle's period of revolution about the Sun is an integer ratio t im es 
Jupit er's period. A n  obv ious m ean-mot ion resonance is at the l oc at ion of 
the Trojan asteroids-a 1: 1 resonance with Jupiter. These asteroids l ibrat e  
about the points 60° b eh ind or ahead of Jupiter and therefore never suffer 
a close approach t o  Jupiter. Another ex ample of a protection m ech anism 
provided by a resonance is the H ilda group at a m ean m ot ion 3 :2 resonance. 
These asteroids h ave  a l ibration about 0° of their crit ical argument , 
(f == 2A.' - A - OJ, where A' is J upiter' s longitude, A is the asteroid's longitude, 
and OJ is the asteroid's l ongitude of perih elion (Schub art 1968). In this 
way ,  whenever the asteroid is in c onjunction with Jupiter (J. = A'), the 
asteroid is close to  perih el ion, (A.' � OJ) and well away from Jupiter. 

Using resonances t o  explain the gaps in th e outer A st eroid Belt and the 
general depletion of th e outer belt proves t o  be more  difficult. A feature 
subj ect to  much investigation h as b een the gap at the 3: 1 mean m ot ion 
resonance. Sch oll & Froeschle (1974) inv estigated this commensurability 
using the averaged planar ell ipt ic restricted three-body problem. They 
found that m ost orbits start ing at small eccentricity were regular and 
showed very l ittle v ar iat ion in eccentr icity or semimajor ax is over t im ­
escal es of 50,000 yrs. 

Investigat ion of m ore realistic m odels was l im it ed b ecause of the amount 
of computer t ime  needed to follow orbits over long periods of t ime. A 
breakthrough occurred when Wisdom (19 82) devised an algebraic m apping 
of ph ase space onto itself with a resonant structure simil ar t o  the 3 :  1 
commensurabil ity. His surprising result was th at an orb it near the res­
onance could m aintain a l ow (e < 0 .1) eccentricity for nearly a m illion 
y ears and then h ave  a sudden increase in eccentr ic ity to  over 0 .3 .  W isdom 
al so showed that this behavior could not have  been seen in the averaged 
pl anar eccentric restricted three-body problem because the averaged Ham ­
ilt onian admits a q uasi- integral which confines the orbit s t o  low eccen­
tric it ies. 

A ny doubts about this apparent chaotic beh av ior were l ater dispell ed 
by numerical int egrations and th e measurement of a nonzero m aximum 
Lyapanov exponent (Wisdom 1 983) and by a semi analytic perturb ative 
theory which explained m any of the features found in the m appings (Wis­
dom 198 5). Figure 1 plots the eccentr ic ity as a function of t im e  for a 
typical chaotic t rajectory near the 3 :  1 resonance as determined by direct 
integration. Note th at the t im e  is m easured in Myr, so that the particl e  
c an rem ain in a low-eccentricity state for m any t ens of thousands of orb its  
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before relativel y  rapidl y  entering a high-eccentricity phase. Approximate 
surfaces o f  section explaining t his behavior may be fo und in Wisdom 
(1 98 5) .  There it can be seen that the particle spends some time in low­
eccentricity  islands near t he o rigin, while being free to explore a fai rl y  large 
chaotic zone o f  highe r  eccentricity. 

In Figure 2 we ill ustrate the distinction between adjacent t rajectories 
that are regular vers us those t hat are quasi- pe riodic as characterized by 
the L yapunov exponent described in Section 2. The q uantity y == In 
[d(t)/ d(O))/t for chaotic t rajectories eventuall y levels off at a val ue that is 
the inverse o f  the L yapunov timescale fo r divergence, whe reas y contin ues 
to decline for quasi-periodic o rbits when plotted as a function o f  time. The 
examples shown correspond to the o rbits within and witho ut a chaotic 
region o f  t he Asteroid Belt near the 3 :  1 mean-motion resonance with 
Jupiter. In particular, the chaotic t ra jectory is the same as t he one followed 
to co m pute eccentricit y versus time in Figure 1 .  A comparison o f  the two 
Figures illustrates an impo rtant feature that o ften occurs in simulations 
(to be discussed later): The particle can remain in a low-eccentricity  state 
for hundreds o f  L yapunov times before "j umping" relatively q uickl y to 
high eccentricity. Wisdom (1 987) gives othe r  (albeit rarer) exam ples o f  

.4 

.3 

>. -
"[3 .;:: -

.2 c 
Q) () () 

UJ 

.1 

o 

o 4x105 6x105 

Time (years) 
Figure 1 Eccentricity as a function of time for an integration of a chaotic trajectory near 

the 3: 1 resonance in the elliptic restricted 3-body problem with parameters appropriate to 

the Sun-jupiter-asteroid case. 
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SOLAR SYSTEM EVOLUTION 273 

trajecto ries that exhibi t long periods o f  low-eccentrici ty punctuated by 
bursts o f  sho rt-lived b ut highly eccentric behavior. The relevan t surfaces 
o f  section clearly demonstrate that al tho ugh a wide chao tic zone surro unds 
the o rigin , there also exists a narrow branch that extends to high eccen­
tricity. An o rbit wandering in the band near the origin co uld appear  to be 
constrained to low eccentrici ties ,  and then suddenly suffer a large jump in 
eccentrici ty as i t  went down the branch. 

The o uter boundaries of the chaotic zone as determined by Wisdom's 
work has been shown to coincide well with the bo undaries o f  the Kirkwood 
gap as shown in the n umbered minor planets and the Paloma r-Leiden 
survey. Since objects that begin on near-ci rcular o rbits in the gap acqui re 
sufficient eccentricities to cross the o rbi t o f  Mars , the pe rturbative e ffects 
o f  Mars are believed capable o f  clearing o ut the 3: I gap over the age o f  
the So lar  System. However, this has not actually been shown wi th di rect 
in tegrations to date .  Indeed , the study of o rbi ts near resonances o ther than 

-3 

,..... 
'i' 
b 
..... -3.5 

0 

� 
0 

....:I 

-4 

3.5 4 4.5 5 5.5 

Log10 Time (yr) 
Figure 2 Distinction between regular (lower curve) and chaotic (upper curve) trajectories as 

characterized by the Lyapunov exponent discussed in the text. Both trajectories are near the 

3: I resonance in the elliptic restricted 3-body problem and the chaotic one is the same as 

that followed in Figure I. For chaotic trajectories, a plot of log(y) versus log(t) eventually 

levels off at a value of y that is the inverse of the Lyapunov timescale for the divergence of 

initially adjacent trajectories. Note by comparison with Figure I that the chaotic particle 

can remain in a low-eccentricity state for hundreds of Lyapunov times before relatively 

rapidly entering a high-eccentricity phase. 
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the 3 :1 remains a n  active area of research. I n  particular the very strong 
band near the 2: 1 resona nce as well as the o ther low-o rder resonances have 
been studied with a combination of quasi-analytic and num erical m ethods 
(see e .g. Lemaitre & Henrard 1990, Yoshikawa 1991 , and references there ­
in). These investigations typically find that regions near the resonances 
that  are devo id of asteroids in the real Asteroid Bel t show no obvious 
depletions in the simulations. It is possible tha t  the s im ulatio ns neglected 
subtle but cumulative effects o r  did not proceed long enough in the case 
of d irect integrations , but it is a lso possible that  cosmogonical e ffects have 
played a role in sha ping some of the gaps. This is clearly an important  
issue which will be  addressed in  the ne x t  generation of  simulations. 

3.2 The Outer Asteroid Belt 

The depletion of the Asteroid Bel t  exterior to the 2:1 resonance a t  3.28 
A U  has long been assumed to be due to the gra vitational influ ence o f  
Jupi ter (see e.g. Nobil i 1 989 for a review). This seems plausible because of 
the large number of s trong resonances tha t  occur in the outer b el t. These 
resonances overlap at moderate eccentrici ties in regio ns that show a sharp 
c utoff in the aste ro id d istribution ( Dennott & Murray 1983). The argument 
for depletion by lupiter's perturbations was first checked by a n umerical 
integration by Lecar & Franklin ( 1973) who numerically integrated o rbits 
in the planar'elliptic res tricted three-body problem for a period of a few 
thousand y ears. They fou nd that the reg io n  outside of 4.0 AU could be 
depleted in this time s pan , but the depletion ins ide 4 .0 AU was very small. 
Froeschle & Scholl (1979) extended this by integrating o rbits in the 3-
dimensional S un-lupi ter-Saturn model for 105 y r. For small eccentrici ties , 
they again fou nd very little depletion inside 4 .0 AU.  By carefully selecting 
their ini tial conditions, Milan i & Nobili (1985) were able to find o rbits tha t  
c rossed Jupite r  very q uickly. However, for an ini tial semimajo r  axis less 
than 4. 0 A U, only o rbits with ini tially h igh eccentricities (e > 0. 15) were 
found to be Jupiter-crossers in their relati vely short integrations.  

Gladman & Duncan ( 1990) perfo rmed 1. 2 x 1 07 yr integratio ns of the 
equations of motio n  fo r the Sun, Jupite r, Satu rn, and 80 tes t  particles 
wh ich began on circ ular o rbits at various radii dis tributed between 3. 1 and 
3.9 AU.  Particles which evolved into o rbits that c rossed that o f  Mars o r  
which bro ugh t them to a close a pproach with Jupiter o r  Saturn were 
removed from the integrations. Gladman & Duncan found depletions 
at some of the s tronger mean motion resonances, in particular the 2: 1 
resonance, but most of the ir o rb its were s table over this timesca le. 

Lecar et al ( 1992) and Franklin & Lecar ( 1992) have extended their 
pionee ring work o n  the o riginal distribution of the asteroids by s tudying 
the o rbits of several hundred ob jects in the oute r  Asteroid Belt  for time-
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scales of 10 7 to  10 8  years. The ir results le ave them "le ss opt imistic for the 
gravitational hypothesis," based l argely on an apparent c orrel ation that 
they h ave found between the Lyapunov t imescale of a g iven particle an d 
the time for the partic le to cross the orbit of a ne ar by planet. They argue 
that the crossing t ime is proport ion al to the Lyapunov t imescale t o  the 
power  1.8, with a n umerical coe fficient that depends on the exact loc at ion 
in the Solar Sy stem. They use this re sul t t o  suggest that, based on the ir 
com puted Ly apunov times, m os t  low-eccentric ity asteroids in the region 
from j us t  bey on d  the 2 : 1  reson ance at 3. 2 8  AU outw ard to 3. 54 AU h ave 
inferred crossing t imes greater than 4.5 Gyr. Thus it appears l ikely th at 
longer d irect integrat ions w ill show considerable depletion over Gyr t ime­
scale s in the region bey on d  the 2 :  I re son ance, but perh aps only in a 
population that beg in s  on m oderately eccentric orbits. If so, as emphasized 
by Dermott & Murray ( 1983), this may reflect the state of the Asteroid 
Bel t  at the end of the planet formati on phase and would be an important 
constraint on m odels of pl anet format ion. Accurate integrations on Gyr 
ti mescales in th is reg ion are com putation al ly expensive but are required 
to settle th is issue. 

4. THE OUTER PLANETARY REGION AND 

COMETARY ORIGINS 

Having d iscussed the dynam ics in the Asteroid Bel t, we turn n ow to a 
study of the evolution of te st particles between and bey ond the giant 
planets. We n ote in passing that the very long-term beh avior of partic les 
on low-eccentricity orbits between the terrestrial pl anets h ave n ot been 
thor oughly stud ie d. The results of an approx im ate two- planet m apping 
approach (Duncan e t  al 1 989) sugges te d  th at there m ay be a stable band 
between the Earth and Ven us ,  but re finements of the m ap an d n umerical 
integration s suggest that this m ay n ot be the c ase (G . Quinlan ,  private 
commun ic ation). The work ofInn anen and collaborators (see e.g. Mikkola 
& Innanen 1992, Innanen 1991, and reference s there in) show th at the 
analog of the Trojan points at the 1: 1 mean-motion commensurabil it ies 
of Venus, Earth , and Mars are stable locations, at least over their 2 Myr 
integration timesc ales. Indeed the asteroid 1 990MB is the first known 
"Mart ian Trojan. " Longer integrations  of th is ent ire terre st rial region 
would be of interest. 

4.1 Chaotic Orbits Between the Giant Planets 

In a sen se, the Solar Sy stem seems to be remark ably devoid of objects. In 
the generally favored m odel for the format ion of the Solar System, the 
planets accumulate through the accre tion of vast n um be rs of plane te simals 
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which formed on nearly circul ar orbits in the early Sol ar System. Since i t  
i s  unl ikely that all of  these ob jects would h ave been incorporate d  into the 
present planets , a question that immedi ately ari ses i s: Can any of these 
objects h ave sur vi ved to the present d ay?  Bec ause of the physical com­
plications present in the early Sol ar System (e.g. gas drag, n ebular disper­
sal, e tc )  one c an ask the following simplified question: Are there any 
region s in the current Sol ar System where test particles (of negli gible m ass) 
place d on initially c ircular o rb its are stable against h aving a future close 
approach with one of the giant pl anets? Havin g a close appro ach is not in 
itself a guarantee of e jection (although o ver sufficien tly long tim escales i t  
usually is), but i t  usually m eans that the orbi t i s  ch aotic. 

A compl ete answer to thi s  question would of course requi re the direct  
integration o ver Gyr tim esc ales  of  all of  the planets to gether with m any 
test particles  di stributed b etween them. This i s  not yet technical ly feasible, 
although it will be in th e near future. On the an aly tical si de, Wisdom 
(1980) showe d  th at even for the plan ar , circul ar r estricted three-bo dy c ase 
there ex is ts a band in semim ajor axi s centered on e ach planet's semimajor 
axis with in which virtually all te st particle trajectories  are chaotic due to the 
o verl ap of first-order m ean-mo tion r esonances. Numerical investi gations 
h ave shown that most test particles placed in these regions r el atively 
quickly undergo a close encounter wi th the relevan t  pl anet. Test particle 
orbits b etween Jupiter and Saturn were n um erically investi gated on time­
scal es of up to several Myr by Lecar & Franklin (1973) and Franklin et al 
(1989) .  In the first of these papers a ban d  of semimajor axi s was di sco vered 
in wh ich initially low-eccentr icity orbits were found to be stable o ver the 
tim escal es studied (500 Jupiter orbits). In the second paper the stable 
region (between 1 .30 and 1. 5 5  Jupiter semimajor axes) was studied more 
intensely , and the authors concluded that essenti ally no particles b etween 
Jupiter and Saturn wer e  stable against becomin g  pl ane t-crossers for lon ger 
than 10 7 year s. 

Gl adman & Duncan (1990) h ave performed the most accurate inte ­
grations to d ate of the e volution of a swarm of test particles on initi ally 
circular orbits ranging from the o uter A steroid Belt to the Kuiper bel t. 
The orbits of roughly one tho us an d  test particles were  followed for up to 
22 Myr un der the gravitation al influence of the Sun an d four (or in so me 
cases two) of the giant pl ane ts. The mutu al gravitational interactions of 
the pl anets were included. Tes t  particles th at un d erwen t  a close appro ach 
to a planet  were remo ve d  from the inte gration. 

The dyn amic al clearin g of gaps found near some of the reson ances with 
Jupiter in the Asteroid Bel t  h as b een di scuss ed in Section 3. Exterior to 
Neptune there appeare d to b e  some dyn amical erosion of the inner ed ge 
of the Kuiper belt. Lon ger (but  somewh at more appro x im ate) integr ations 
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of the trans -Neptunian region are discussed in Section 4.4. The ma jori ty 
of th e tes t particles between the giant planets w ere perturbed to a clos e  
approach to a planet on tim escales of millions of y ears. Longer integ rations 
of the same region using a m odificati on of th e W isdom -Holman (1991) 

m ethod (see Section 6) have been performed by Levison & Duncan (1993). 

The main modificati on was to calculate the moti on of the giant planets 
from a synthetic s ecular perturbati on theory using the dominant secular 
freq uencies of Applega te et al (1986). The resul ts agreed very well wi th 
those of Gladman and Duncan over the common range and exten d ed them 
to 1 Gyr. The removal tim es as a function of initial s emimajor a xis for 
ini ti ally n ear-circular, l ow-inclination orbi ts b etween the gian t  planets are 
shown in Figure 3. Essen ti ally all of the orbits b ecome planet-crossing, 
often on surprisingly short tim escales. This may explain the apparen t  
absence of a large  n umber of minor b odies b etween the giant planets but 
a t  firs t  glance raises som e  rather disturbing questions about the stability 
of the plan ets themselves (see the n ext  sec ti on )  and may have implications 
in the field of planetary formation (see Gladman & Duncan 1990). In the 
nex t  secti on w e  consider the evolution of thos e planetesimals ini tially 
b etween the giant planets that  are g ra vi tati onally scattered to much larger 
Semlma]or axes. 

4.2 Evolution of the Oort Cloud 

The c urren t  version of the original theory of Oort  (1 950) for the formation 
of the cloud tha t  b ears his name is tha t  com ets formed as icy planetesimals 
on n early circular orbits in the outer planetary system. Some of these 
accreted to form Uranus and Neptun e, while th e remain d er were repeat­
edly scattered by the growing planets until they reached s emimajor axes 
large enough for Galactic ti dal fields and stellar perturbations to r em ove 
thei r  perihel ia from the planetary region, after which they are relati vely 
immun e  to plan etary perturbations. The b odi es that  reach "safety" in this 
way com prise the com et cloud which is presen t today. Ti dal torquing 
by the smooth dis tributi on in the Galactic disk has only recently been 
recognized as b eing m ore important (by a fac tor of 2-3) than stellar 
perturbations (Heisler & Tremaine 1986, M orris & M uller 1986, Smo­
luchowski & Torb ett 1984, Torbett 1986) and may b e  respon sible for a 
small n on randomness in th e dis tribution of obs erved long-peri od com ets 
(Matese & Whitman 1989). Stellar perturbations are still important in 
randomizing the orbits in the cloud (see e.g. Weissman 1990) and 
occasional clos e  s tellar  encoun ters can produce an unusually large influx of 
com ets cal led com et showers (Hills 1981, Heisler 1990). Several com peting 
theories of com et formati on have b een proposed (for exampl e, that  c om ets 
form in si tu in the outskirts of an extended s ol ar n eb ul a) ,  but they will 
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Figure 3 Diagram of removal times as a function of initial semimajor axis for test particles 
placed on low eccentricity, nearly circular orbits in the three bands between the giant planets. 
No particles were placed in the bands centered on each planet which were known to be 
unstable even in the single-planet case. (See text). The figure is similar to one in Gladman & 
Duncan (1990), but is obtained using the method described in Levison & Duncan (1993). 

not be considered here (see Mumma et al 1 99 2  and Bailey 1 99 1  for 
reviews). 

It has not yet been poss ible, o f  course, to fo llow the detailed e vo lut ion 
o f  the planetes imal swarm as the o uter planets grew to their fina l  masses. 
However, Duncan et al (1987) have picked up the story at the stage when 
the o uter planets have attained their final masses and sem imajor a xes  and 
have gravitat ionally scattered a large fraction of the unaccreted plan­
etesimals to semimajor a xes of a few h undred AU (although the per ihelia 
of the comets remained in the planetary region). Details of the approach 
used and approx imations made in the n umerical s im ulat ions may be found 
in the original reference. (See also a simulation using an 0pik approxi­
mation by Shoemaker & Wolfe 1984). The simulation s showed that plan ­
etary perturbations act ing on moderately eccentric orbits caused a form 
of random walk in energy w ith little change in per icentric d istance . Thus 
the formation of the comet c lo ud was driven by the interact ion between 
planetary perturbat ions which drove d iffusion in semimajor axis a at 
constant pericentric d istance q, and Galactic t idal torques which changed 
q at fixed a, thereby removing cometary perihelia from the planetary region 
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for sufficient ly large a. Consequently, a typi cal  comet evolved more or less 
in the ecliptic plane with pericenter n ear  its birth place until i t  was either 
ej ected or t orqued by the Galact ic tidal field int o  a roughly spheri ca l cloud 
with a m ore nearly i sotropic velocity distribution. An inner ed ge t o  the 
cloud was found at ::::: 3000 A U-roughly the radi us at which the timescales 
for the two effects are equal for comets  formed in the Uran us-Neptune 
regi on. The density profile between 3000 and 50,000 A U  i s  roughly a power 
law proportional to r-3.5• The inner cloud (a < 2 x 1 0 4  A U) thus contains  
roughly five times m ore mass than th e classi cal Oort cloud. 

Fi gure 4 depict s the evolution of the simulated comet swarm as  a 
functi on of time. N ote  that the Galacti c plan e in each snapshot i s  a 
h orizontal line, so that the eclipti c  i s  inclined at an angle of :::::600 in these 
diagrams. The dotted circle in each snapsh ot i s  at a radius of 20 ,000 AU 
indicating the inner edge of the classical  Oort cloud. It i s  evid ent from 
Figure 4 that th e d ist ri buti on a fter 10 8  y r  was sti ll biased toward the ecli pti c 
for orbits with a ;s 10 4  A U. H owever, by 1 09 years the dist ributi on was 
isotropic  for a <: 2000 A U, and roughly 20% of th e survivors were in the 
Oort cloud , with the remainder populating th e inn er cloud (except for the 
�4% that became SP  comets). 

Between 10 9  and 4.5 x 1 0 9  y r, th e t otal number of survi vors decreased 
by a factor of ::::: 2 ,  but the relati ve populations  of the two cloud s remained 
essentially unchan ged. It i s  important t o  n ote, h owever , that the sim u­
lat ions d id not in clude encounters with passing m olecular clouds whi ch 
may , over Gyr timesca les, have a perturbing influence on the comets  
com parable to  that of stars (Biermann 1 978; Na pier & Clube 1979; Bai ley 
1 983 ,  1 986a, 1 99 1 ). Thi s  i s  part icularly t rue for com ets with a� 2.5 x 10 4  
A U  which are not protected by adiabatic in  variance (i . e. those with orbital 
periods longer than the d uration of a typi cal  encounter). However , th e 
influence of molecular  clouds i s  difficult t o  estimate because th ei r  phy sica l  
parameters  are so uncertain. Indeed, th e large observed fractions of wide  
binary stars with separation s  of order 20,000 A U  suggests that the O ort 
cloud has probably n ot been disrupted by giant m olecular clouds (Hut & 
Tremaine 198 5 ,  but see Weinberg et a1 1 986,  1 98 7). Furthermore, the same 
events which str ip comets  from the classi ca l Oort cloud will r epleni sh 
that region with comets from the inner cloud. Non etheless, a complete 
treatm ent of th e long-t erm dynamica l  evolution of the Oort cloud wi ll 
probably requi re th e inclusi on of molecular clouds (cfHeisler 1 990). 

4.3 Origin of Short-Period Comets 
Having discussed the formation and evolution of th e reservoir that supplies 
the current population oflong-period comets, let us n ow t urn to the origin s  
of those with  periods less than 200 years: the short-period (SP )  population. 
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r[N MllUON YRS, 
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. ' : 
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Figure 4 The formation of the Oort comet cloud in the simulation of Duncan et al (1987). 
The Galactic plane in each snapshot is a horizontal line. The dotted circle denotes a radius 
of 20,000 AU, indicating the inner edge of the classical Oort Cloud. 

There are several striking features in the distribution of orbital elements 
of S P  comets: 1. The distribution is strongly peaked towards periods ;:S 15 
yr. Rou ghly 80% o f  kno wn SP  comets have perio ds less than 1 5  years. 2 .  
The SP  comets are mostly on low-inclination prograde orbits :  Only about 
3% are on retro grade orbi ts and the inclinations i satisfy <cos i) = 0.9. 

(Recall that <co s  i) = 0 for iso tropic orbi ts and 1 for prograde o rbi ts in 
the eclip tic.) 3 .  The argumen ts of perihelion 0) (the angle between perihelion 
and ascending node) of the SP comets are strongly peaked near 0 and 18 0°. 

Until recently, it has been believed that the SP comets originate in the 
Oort come t cloud. In an influential paper, Everhart (1972) argue d  from 
an extensive set o f  orbital integra tions tha t  repeate d  interactions with 
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Jupi ter can produce SP orbi ts fro m  near-parabolic orbi ts, so long as the 
ini tial inclination i s  small and the initial perihe lion d istan ce is near the 
orbi t o f  Jupiter. He showed that the distribution o f  orbital elements for 
SP comets formed by thi s mechanism agreed well with o bservations. There 
was i mmediate con cern, however, that Everhart's mechanism mig ht not 
produce the correct number o f  SP co mets. Joss (1973) has argued that the 
e fficiency o f  thi s  process i s  too low (by a factor o f  order 103-104) to produce 
the observed number of SP comets from the known flux o f  near-parabolic 
comets, although Delsemme (1973) argued that the di screpancy could be 
removed by the proper inclusion of  all return passages of  comets ini tially 
from the Oor t  cloud. (See Bai ley 199 2  and Yabushita & Tsujii 1991 for 
fur ther references.) 

In an ingenious Monte Carlo simulation, Everhart (1977) subsequently 
showed that a fraction of near-parabolic orbits with perihelion as large as 
Neptune's orbit will be gravitationally scattered by the outer planets into 
orbits that are Jupiter-cro ssing and that a fraction o f  these will eventually 
become SP co mets. In conventional model s o f  the Oort  cloud , the e fficiency 
o f  thi s pro cess i s  too lo w to remove the flux di screpan cy no ted by Joss. 
However , Bailey (l 986b) first suggested that i f  a very massive inner Oort  
cloud i s  present, the flux o f  near-parabolic comets into Nep tune-cro ssing 
orbi ts may be sufficient to supply the SP comets. Subsequent work sum­
marized in Bailey (1992) suggested that an inner cloud with a mass dis­
tribution similar to that described in Section 4.2 would suffice, but thi s 
source may overproduce high-in clination SP comets (see below). 

An alternative theory propo ses  that SP comets originate in a belt o f  
low-inclination comets just beyond the orbi t o f  Neptune, between about 
35 and 50 AU (e.g. Fernandez 1980, Fermlndez & Ip 1983). The bel t could 
be a natural remnant o f  the outermost parts o f  the solar nebu la (Kuiper 
1951, W hipple 1964), possibly producing a component o f  the infrared 
background a t  100 {lm dete cted by IRAS (Low et aI1984). IRAS data also 
indicate the presence of flattened dust she lls around other stars, e xtending 
fro m  20 to 100 AU (see Weissman 1986 for a review). If some of the 
belt comets can be perturbed into Neptune-crossing orbits, subsequent 
scattering by the outer planets conver ts so me o f  these into observable SP 
co mets, in the manner descr ibed by Everhart (1977). 

In order to test these two hypotheses, Dun can et  al (1 988: hereafter 
called DQT88) performe d  an extensive serie s o f  numerical in tegration s  o f  
a representative sample o f  comet orbits i n  the field o f  the Sun and the 
giant planets. Comets whi ch began with perihel ia ei ther near Jupi ter (q 
between 4 and 6 AU) or in the outer plane tary region (q between 20 and 
30 A U) were integrated until the co met was ei ther e je cted or became vi sible 
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to an Eart h- based o bserver, which the authors ass umed o ccurred when 
q < 1.5 AU. A numerical o bstacle that the authors had to overcome 
was imposed by the slow process o f  orbital evolut ion: Evolution from a 
Ne ptune-crossing o rbit to a visible o rbit typically takes millions o f  orbi ts .  
However , since gravitational scattering i s  a di ffusion pro cess ,  the authors 
argued t hat multiplying t he mass of all t he giant planets by a fixed factor 
J1 sho uld change the rate o f  evolution but not the statisti cal pro perties o f  
the final distribution o f  orbits. (We shall return to t his poi nt below. ) 

The results sho wed t hat the i ncl ination distr ibution o f  comets with l ar ge 
peri helion (q :$ 30 AU) that evolve to observable comets (i .e . t hose wi th 
q:$ 1.5 A U) is appro ximately preserved. Thus ,  the short- period comets, 
whi ch are mostly in pro grade , low- incli nation orbits , cannot arise from 
gravitational scattering of any spherical po pul ation of comets (such as t he 
Oort cloud ). However, the dis tri bution o f  orbi tal elements o f  SP comets 
arisi ng from a population o f  low-incl inat ion Neptune- crossing comets is 
in excellent agreement wit h  o bserv at io ns. The authors concluded t hat t he 
SP comets arise from a cometary bel t in the o uter solar system (now called 
the Kuiper be lt). 

Stagg & Bailey (19 89 ) and Bailey & Stagg(19 90) have argued that an 
i nner Oort clo ud m ay still be a v iable source for the SP comets i f  t he m ass 
enhancemen t factor used by DQT88 badly underestim ated the e ffects o f  
close enco unters and/or i f  there exists a l arge populatio n o f  unobse rved 
extinct high-inclination co mets. Q ui nn e t  al (1990) have replied wit h  a 
more e xtensive series o f  e xperiments , taking into account a v ariety o f  
nongr avitat ional and selection effe cts , and conclude that those SP comets 
wi th periods less than 20 yr (so me ti mes  called the Jupiter family) cannot 
arise fro m an isotro pic d is tribution. They argue t hat the results from 
s im ul ations with J1 = 40 do no t d iffer s ubstantially from those with J1 = to. 
Furthermore , Wetherill (1990) used an Opik (19 51) approximatio n  using 
Arnold's (1965) met hod and J1 = 1 and o bt ai ned results very sim il ar to 
DQT88. Bailey (1992 )  has poi nted o ut that the Opik appro ach seems to 
overestim at e  the capture probability by an order o f  m agnit ude relative to 
direct i ntegrations ,  and so m ay also be s uspe ct . A definitive resolution to 
t he pro blem requires an e xtremely CPU-intensive direct i ntegration with 
J1 = 1 ,  wit h  modeling for o bservational select io n  effe cts and t he finite 
lifetimes o f  comets. 

If t he pro posed Kui per belt i ndeed e xists, two q uestio ns naturally arise. 
1 .  Since comets on Neptune-crossing orbits typi cally are ejected or evolve 
to SP comets o n  timescales t hat are m uch s horter t han the age o f  t he Sol ar 
System , what mechanism i njects comets from t he Kui per belt into pl anet ­
crossing orbi ts?  2. What is the current str ucture o f  this belt and can o ne 
detect its l arger members ?  We t urn to t hese iss ues next. 



D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.

or
g.

  M
cG

ill
 U

ni
ve

rs
ity

 (
ar

-2
53

25
2)

 IP
:  

13
2.

21
6.

19
5.

19
1 

O
n:

 M
on

, 1
6 

F
eb

 2
02

6

15
:2

7:
24

4.4 Structure in the Kuiper Belt 

SOLAR SYSTEM EVOLUTION 283 

It i s  possible that the minor bo dy Chiron ( Ko wal  1979) originated in the 
Kuiper belt .  Chiron, which i s  a ro ugh ly 1 00-km-si zed o bject, i s  on a Saturn ­
cro ssing orbi t  whi ch i s  unstable on a timescale of 1 0 5 to 10 6 y ears (Oikawa 
& Everhart 1979). It has recently been sho wn to exhibit cometary behavior 
(Luu & Jewitt 1 990) such as the for mation of a resolved coma (M eech & 
Belton 1990). The recently discovered minor body Pholus (1992AD) may 
be another member o f  the same class o f  lar ge bo di es in the o uter So lar 
System. Because of the short li fetime o f  their current orbi ts, i t  seems likely 
that they are representative o f  a much larger population of simi lar o bjects 
which currently reside in the Kuiper belt . [Indeed Stern (1991) has argued 
that there must at one time have been a substantial n umber o f  1000 k m  
o bject s in the o uter So lar System, a ltho ugh mo st by now must have been 
scattered beyond 100 AU.] O bjects in the belt might be detected by t heir 
retrograde motion as  seen at oppo sition from the Earth , which a mo unts 
to ro ughly 150/r arcseconds per hour, where r is the h elio centric di stance 
of the o bject in AU. However, sin ce they are detected optica lly by means 
of scatter ed sunlight, th eir brightness i s  proportional to ,-4. Thus, Ch iron 
i tself would be fainter than V = 22 if it were beyond 40 AU. 

There have been four major proper motion survey s designed to search 
for o bjects in the o uter Solar System, and with the exception of  Chiron's 
discovery, the surveys have been frui tless. These survey s  are r eviewed in 
Levi son & Duncan (1990), and it is noted there that the lack of detections 
cannot be used to p lace severe con straints on the ma ss of the Kuiper belt 
because the size distribution o f  the belt member s  is unknown. Indeed, if 
a ll o f  the proto -comets had sizes less than 40 k m, then no o bjects beyond 
2 5  AU wo uld have  been detectable in Levi son & Duncan 's survey .  F ur ­
thermore, we have seen that there  are  no w theoretical  r ea sons to  believe 
that the region from Jupiter's orbit to somewh ere beyond Neptune's orbit 
has been gravitationally swept clean of  p lan etesi mals. If the inner edge o f  
the p utative Kuiper belt i s  beyond 40 AU, the det ection o f  even Chi ron­
sized o bjects i s  difficult (but not i mpo ssi ble). Indeed, as  thi s r eview was 
being completed, fA U Circular No. 5611 anno un ced the di scovery o f  
m inor body 1992 QBI by Luu & Jewitt (1993 ), whi ch appears to be a 
Chiron-like body at a current distance o f  approximately 41 AU. Its orbital 
elements (a = 44.4 A U, e = 0 .1 1 ,  i = 2. 2 °) are consi st ent with it being t he 
first o f  a large n umber of such o bjects to be di scovered in the Kuiper belt. 

No w let us con sider the injection o f  planet esimals from the Kuiper belt 
into Nep tune-cro ssing orbi ts and the resulting structure o f  the belt severa l  
Gyrs  a fter i ts presumed fo rmation. An approximate mapping t echnique 
described in Duncan et a l  (1989) suggest ed that mo st n ear-circular orbit s  
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with semimajor axes greater than 33 A U  (i.e. in the proposed Kuiper belt) 
were stable against becoming Neptune -crossers over t he li fetime of the 
Sol ar System. However, Torbett ( 1 989) performed direct numeri cal inte­
gration of test particles in t his region including t he per turbative effects o f  
the four gian t  planets, alt houg h t he l atter were t aken t o  be o n  fixed 
Keplerian orbits . He found eviden ce for chaotic motion with an inverse 
Lyapunov exponent on the order o f  Myrs for moderately e ccen tric, mod­
erately in clined orbits with  peri helia bet ween 30 and 45 A U  (a "scattered 
disk" ). Torbett & Smoluchowski ( 1990) extended t his work and suggested 
that even particles wit h  ini ti al e ccentricities as low as 0.02 are typically on 
chaoti c trajectories if their semimajor axes are less than 45 AU. Except in 
a few cases, however, the authors were unable to follow t he orbi ts long 
enough to establish whether or not most chaotic trajectories in this group 
led to Neptune -crossing. 

Levison ( 199 1 )  treated the pro blem as a M arkov chain but his cal­
cul ation o f  diffusion coefficients apparently mixed long-term sinusoidal 
variations in t he orbital elements with secular drifts and the method over ­
estimated the amount o f  orbital evol ution. Levison & Duncan ( 1 993) have 
recently studied t he pro blem using the Wisdom -Holman method described 
in Section 5. 1 ,  modified in t he m anner described in Section 4. 1 ,  in whi ch 
the orbital elements of the planets are o bt ained from secular perturbation 
theory . By comparison with more exact simulations, it appeared adequate 
to include only t he direct gravitational influences of Uranus and Neptune, 
thereby allowing t he integration o f  t housands o f  p ar ti cles for up to I Gyr 
(and in a few cases 4.5 Gyr). Simulations were performed with initially 
lo w-in clination orbits wit h  small to moderate initial eccentricities (e < 0.2) 
and each p article was integrated for 1 Gyr unless it was removed because 
it either crossed Neptune's orbit or came wit hin Neptune's Hill sphere. 
T he behavior o f  p articles t hat were ultimately removed sometimes sho wed 
a secular drift in eccentricity, but often was reminiscent of that described 
earlier for o bjects in the 3 :  1 Kirkwood gap and between t he giant planets­
i .  e. long periods o f  rel atively lo w-eccentri city oscill ations punctuated by 
a very r apid jump to Neptune-crossing e ccentri city. However, in t his case 
some o f  the jum ps can occur on Oyr timescales, and t his m ay provide t he 
necessary supply o f  Neptune -crossers at the current epoch. Furthermore, 
t he simulations s ho w  that alt hough m any of the orbits inward of 45 AU 
are chao tic, none of the p arti cles in the study with Lyap unov timescales 
greater than about 1 Myr actually became a Nept une -crosser in 4.5 Gyr. 
Indeed there seemed to be a rough correlation bet ween Lyapunov and 
removal times whi ch was consistent wit h t he results o f  Franklin & Le'car 
(1 992) when appropriately s caled (see Section 3 .2) .  

In Figure 5 we sho w  t he removal times as a fun ction of initial semimajor 
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axis for test particles be ginning wit h  eccentricities = 0.0 1 .  A dashed line is 
used if t he particle s urvived until the end of t he si mulation (whic h was 1 
Gyr in t his case). Note t he intricate structure of t he distribution inside 41  
A U, wit h  essentiall y complete erosion inside 3 4  AU,  followed by b ands of 
differing longevit y  incl uding an unusually unstable region just inside 36 
AU. So me of t hese features persist for orbits of somewhat higher eccen­
tricity, although most of t he region interior to 42 AU is substantially 
eroded for eccentricities l ar ger t han 0. 1 .  It is tempting to associate p ar­
ticul arly unstable (or, conversely, lon ger-lived) regions wit h  mean-motion 
or secul ar resonances wit h  t he planets, t hc l attcr as c alcul ated for example 
by Heppenhei mer ( 1979) or Knezevik et al ( 199 1), b ut no clearcut case can 
be made at t he moment. Direct integrations for 4.5 Gyr, whic h explicitly 
calcul ate the planetary orbits, are no w feasible and should provide a better 
picture of t his region . However, t he c urrent structure must to some extent 
reflect the currently ill-understood processes of gravitational scattering 
and physical collisions amon g icy planetesimals t hat led to t he formation 
of t he o utcr planets in t he first place. 

5. LONG-TERM STABILITY OF PLANETARY 

ORBITS 

5.1 Our Solar System 

We ret urn no w to one of t he oldest problems in d ynamical astrono my: 
whether t he pl anets will continue ind efinitely in nearl y circul ar, nearl y co­
planar orbits. As we have described in Section 3, if a H amiltonian syste m 
has an integral of motion for each degree of freedo m, then the system will 
be quasi-periodic , as can be shown by expressing the Hamiltonian in 
terms of action-angle variables. T he orbits will be confined to a m ulti ­
dimensional torus and t he orbital elements sho uld be describable b y  a sum 
of periodic terms in t he sense t hat t he Fourier transform of the ti me 
evol ution of any planet 's coordinates will involve only integer com­
binations of the fundamental freq uencies (one per degree of freedom). 
Arnold ( 1961 )  has sho wn t hat suc h  stable orbits wo uld describe t he Solar 
S ystem if the masses, eccentricities, and inclinations were sufficiently s mall . 
The real Sol ar System, however, does not satisfy Arnold's requirements, 
so the q uestion of its stabili ty  is unrcsolved. Laplace and Lagrange showed 
t hat, if t he mut ual planetary perturbations were calculated to first order 
in the masses, inclin ations, and eccentricities, t he orbits could indeed be 
described by a sum of periodic terms, indicating stability.  S uccessive work 
by Brouwer & v an Woerkom (1950), Bretagnon (1974), and others has 
s ho wn t hat t his is still t he c ase if t he perturbations are expanded to higher 
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35 
a (AU) 

40 45 

Figure 5 Diagram of removal times as a function of initial semimajor axis for test particles 

placed on low-inclination, nearly-circular orbits in the proposed Kuiper belt beyond 
Neptune . The method used to compute the planetary perturbations is described in the text. 

Particles were removed .if they crossed Neptune's orbit or suffered a close approach to 

Neptune. Particles which survived until the end of the simulation (1 billion years) are also 
plotted. Note the resulting structure in the belt interior to 40 AU. The figure is based on the 
results in Levison & Duncan (1993). 

orders. However, the work o f  Poincare ( 1 892)  cas ts doubt on the long­
ter m  convergence o f  the various perturbation schemes. The proble m  with 
the per turbation expansion is that although the expansion is done in 
powers of sma ll parameters , the exis tence of resonances between the 
p lanets will introduce s ma ll divisors into the e xpansion terms. Such s ma ll 
divisors can make high order ter ms in the power series unexpectedly large 
and destroy the convergence of the series. 

We have briefly discussed in Section 3 the methods o f  secu lar per­
turbation theory and the problems asso ciated with resonances. There are 
t wo separate points in t he cons truction o f  t he secu lar system at  whi ch 
resonances can cause nonconvergence o f  the expansion. The first  is in 
averaging over mean mo tions. Mean motion resonances between the 
p lanets can introduce s ma ll divisors leading to divergences when for ming 
the secu lar disturbing fun ction. Secondly, there can be resonances, between 
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t he p roper mode frequencies leading to p roblems when one t ries to solve 
t he secular system usin g an expansion approach. 

Laskar (1 989) perfo rmed a criti cal test o f  t he quasi-periodic hypot hesis 
by numeri cally integrating t he pertu rbations cal culated to second o rder in 
mass and fift h  o rder in e ccentri cities and inclinations. Such an e xpansion 
consists o f  about 1 50,000 polynomial terms. By numeri cally integrating t he 
secular system , he avoids t he small divisor p roblem caused by resonan ces 
between p roper modes. The Fourier analysis of t his 200 million

· 
year 

integration s howed t hat it was not possible to describe t he solution as a 
sum o f  periodic terms. Laskar also estimated t he maximum Lyaponov 
exponent by t he divergence of nearby o rbits. The Lyaponov exponent 
s hould be zero for quasi-periodic orbits. Instead , he found t he surprisingly 
high value o f  1 /5 Myr- I . Figure 6 reproduces his plot o f log(y) vs log(t) in 
t he notation o f  Section 2. In a subsequent paper, Laskar (1990) argued 
that t he exponential divergence is due to t he t ransition from libration to 
circulat ion o f  t he critical argument o f  a secular  resonance related to t he 
motions o f  peri helia and nodes o f  t he Earth and M ars. He argued from 
his results that t he chaotic nature o f  t he inner Solar System is robust 
against small variations in t he initial conditions o r  in t he model. These 
very impo rtant con clusions have recently been checked by di rect numerical 
cal culations (see belo w). 

The analytical complexity of t he perturbation techniques and t he devel­
opment o f  ever faster computers has led others to t he investigation o f  
stability b y  purely numeri cal models. T he first numeri cal computation o f  
planetary orbits was b y  Eckert e t  al (1951)  who did a simulation o f  t he 
outer planets for 350 years. This was extended by Co hen & Hubbard 
(1965) and Cohen et al (1973) to 1 20 ,000 years and 1 m illion years respec­
t ively. These integrations compared well wit h  t he pertu rbation cal culations 
o f  Brouwe r  & van Woerkom, s ho wing quasi-periodic behavior for t he four  
major outer planets. Pluto's behavior, however, was sufficiently different 
to inspire further study. Williams & Benson (1971) performed a 4.5 million 
year integration o f  the secular motion of Pluto under t he influence o f  t he 
four Jovian planets. The motion o f  t he Jovian planets were determined 
from Brouwer & van Woerkom's (1950) analytic solution. They found 
that t he angle 31l - 2IlN - w  was in libration wit h  a period of 20 ,000 y r, 
where Il and IlN are t he mean longitudes o f  Pluto and Neptune, respectively, 
and w is t he longitude o f  peri helion o f  Pluto. As well ,  t hey found t hat t he 
a rgument o f  peri helion o f  Pluto librates with a period o f  4 Myr and t hat 
t he angles 0 - ON and OJ - WN seemed to be in reson an ce with  this libration. 
All t hese resonances acted to p revent close encounters o f  Pluto wit h  Nep ­
tune and hen ce p rotect t he orbit of  Pluto. 

The longest numerical integration done wit h  conventional integration 
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Figure 6 A plot of log(y) versus log(t) (t in years) for the entire Solar System in the 
100 Myr simulation of Laskar (1 989). Thc two curvcs differ slightly because of differing 
renormalization procedures, but suggest the same Lyapunov timescale of 5 Myr. 

schemes on general purpose computers was the LONGS TOP I B  inte­
gration done by Nobili et al ( 1 989) which ran for 1 00 Myr. This integration 
followed the mutual interactions of the 5 outer planets, but also included 
the secular effects of the inner planets and the effects of general relativity. 
They have shown that these latter effects are significant over the time span 
of their integrations. Spectral analysis of their results suggested but did 
not prove that the orbits are chaotic. The evidence for this is regions of 
the spectrum where many lines of comparable amplitude accumulate, 
indicating that the series of Fourier terms is not converging. 

Integrations of the outer planets for period up to 845 Myr or 20% of 
the age of the Solar System have been done with a special purpose machine: 
the Digital Orrery (Applegate et al 1 986, Sussman & Wisdom 1 988). This 
machine consists of one CPU per planet, with all the CPUs arranged in a 
ring. A force evaluation for all planets is accomplished in (!J(N) time 
instead of the usual (!J[N(N - 1 )/2], and the integration is performed in (!J( l )  
time. A disadvantage of using" such a machine is that the nature o f  the 
force calculations is hard wired and the inclusion of effects such as general 
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relativity could not be acco mplis hed wit hout rebuilding t he machine. The 
dynamical system investigated by the Orrery i s  therefore slightly different  
t han t hat investigated by Nobili et  al. Thc longest of t he integrations 
performed on t he Orrery s how t hat P luto's orbit is not quasi-periodic. 
There is evidence for t he existence of very long period c hanges in Pluto' s 
o rbital elements and Sussman & Wisdom ( 1988) calculate a Lyapunov 
exponent of 1 /20 Myr- I . A subsequent reexamination of t he LONGSTOP 
1 00 Myr data led Milani et a l  (1989) to suggest t hat Pluto is locked in a 
complicated system o f  t hree resonances and t hat t he value of t he Lyapunov 
exponent for its motion could be sensitive to t he assumed initial conditions 
and planetary masses. Thus, a detailed understanding of Pluto's behav ior 
is l ikely to be o btained only wit h  t he next generation of simulations. 

Until very recently, t he length of d irect integrations was l imited, not by 
CPU time, but by roundo ff error. Milani & Nobili (1988) concluded t hat 
it was i mpossi ble to reliably integrate t he orbits of t he outer planets for a 
period of 109 yr or more wit h  t he current co mputer hardware and software 
available at that time. The main problems t hey found were l imited machine 
preci sion , and t he empirical evidence t hat the longitude error after n steps 
was proportional to n2 instead o f  n3/2, as expected i f  the roundoff errors 
were uncorrelated. However, Quinn & Tremaine (1 990) have proposed 
several corrections to the integration algorithms w hich considerably reduce 
t he roundoff error ,  and Quinlan & Tremaine (1990) have proposed a hig h­
o rder symmetric sche me. Taken together, these two techniques appear to 
maintain a longitude error growth t hat is linear in t he number o f  steps and 
which may therefore allow for accurate integrations of the p lanets for tens 
o f  billion s of years. 

Quinn et al ( 199 1 )  and Laskar et al (1 992) used these newer integrators 
to make an accurate integration of of all nine planets and t he Earth's spin 
axis for 3 .05 Myr into t he past, and future. Previously, Richardson & 
Walker ( 1987, 1 989) performed 1 and 2 Myr integrations ofal! nine planets , 
but t hey neglected t he rather i mportant effects (for t he inner planets) of  
General Relativity and the finite s ize o f  the Earth-Moon system. Quinn et  
al  co mputed t he long-term variations (periods > 2000 yr) of t he orbital 
ele ments of all t he planets and t he Earth's spin d irection. These can be 
used to check or rep lace t he results of secular perturbation t heory and as 
input into geophysical models t hat test t he Milankovich  hypothesis that 
cl imate variations are caused by changes in the Earth's orbit. All of t he 
planetary orbits appear to be regular over t he 6 Myr integration span; 
however, t hi s  integration was not long enough to de tect t he c haot ic motion 
found by Laskar. Co mparison of the two simulations by Laskar et al 
(1 992) s how that they are in remarkable agreement over t heir common 
range. In particular, the numerical integrations demonstrated t he same 



D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.

or
g.

  M
cG

ill
 U

ni
ve

rs
ity

 (
ar

-2
53

25
2)

 IP
:  

13
2.

21
6.

19
5.

19
1 

O
n:

 M
on

, 1
6 

F
eb

 2
02

6

15
:2

7:
24

290 DUNCAN & QUINN 

secular resonance which Laskar claims is responsible for the chaos seen in 
his longer simulation. The largest difference in these two solutions is in the 
eccentricity and inclination of Saturn which differed by at most 1 0 % .  This 
is as expected, since Saturn is near a 5:2 mean motion resonance with 
Jupiter. Such a resonance introduces small divisors into the higher order 
terms of the perturbation expansion and makes them large. 

Another promising avenue for certain Solar System integrations are 
the symplectic schemes designed specifically to maintain the Hamiltonian 
structure of such systems of equations. General purpose symplectic inte­
grators (Gladman et al 1 99 1 ,  Yoshida 1 990) tend to be of low order 
because of their complexity and so are not suitable for long accurate 
simulations. However, so-called mixed variable symplectic (or MVS) inte­
grators (Wisdom & Holman 1 99 1 ,  Saha & Tremaine, 1 992) can be made 
more accurate by factors of the ratio of planetary to solar mass for a given 
timestep. The principle behind these integrators is to split the Hamiltonian 
into an unperturbed Kepler part and a perturbation part. In each step of 
the integration, the system is first moved forward in time according to 
Kepler motion, and then a kick in momentum is applied which is derived 
from the perturbation part of the Hamiltonian. This second step is analytic 
since the perturbed part of the Hamiltonian can be made independent of 
the canonical momenta in Cartesian coordinates. The MVS integrators 
have the additional advantage that the errors are limited to high frequency 
terms. Over long integration periods these terms will then average out, 
giving no net contribution to the evolution. 

Sussmann & Wisdom ( 1 992) used an MVS integrator on a somewhat 
special purpose computer to perform a 1 00 Myr integration using the same 
physical model and initial conditions as Quinn et al ( 1 99 1 )  except for the 
treatment of General Relativity. Sussmann and Wisdom use the potential 
approximation of Nobili & Roxburgh (1 986) which facilitates the use of 
the M VS integrator. Comparison of the two simulations gives a maximum 
difference in eccentricity of 1 part in 500 for Saturn. Again, this is expected 
from Saturn's mean motion resonance, since the mean motions depend on 
high frequency terms and are not calculated as accurately by the MVS 
integrator. 

Sussmann and Wisdom's integration is actually 8 integrations, each with 
slightly different initial conditions, so that exponential divergence could 
be detected. In looking at the full secular phase space they found an initial 
exponential divergence with a timescale of 1 2  Myr, but after 60 Myr the 
divergence is dominated by an exponential with a timescale of 4 Myr. The 
4 Myr divergence is in agreement with Laskar's estimate of 5 Myr, and, 
because of the slow convergence of Lyaponov estimates, the 1 2  Myr 
divergence is in agreement with the 1 5  to 20 Myr timescale divergence that 
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t hey found in t he Digital Orrery integra tions. In examining divergences in 
individual planetary orbi ts, t hey found t hat t he 4 M yr divergence occurs 
much later in the outer planets than in the inner planets. This seems to 
indicate that there are two di stinct mechanism s  generating divergence, and 
the inner p lanets are more sen si tive indicators o f  t he divergence with the 
shorter timescale. Sussmann & Wisdom are quite cautious about trying to 
identi fy the underlying dynami cal mechanism cau sing t hi s  chaos. They 
note that the alternation between libration and ci rculation o f  a given angle 
i s  not necessari ly indicative o f  a dynamically significant separatrix. Such 
behavio r  can also arise as  an a rtifact o f  the p rojection o f  a high-dimen­
sional trajectory onto a plane. The assignment o f  t he responsibili ty for t he 
chaotic behavior o f  t he Solar System to a particular secular resonance will 
have to wait  for an analytical demon stration t hat t he resonances involved 
are suffi ciently strong and close for resonance overlap. -

Susmann & Wi sdom al so ran a 1 Gyr simulation of just the massive 
oute r  planets with their MVS integrator. They found the surp rising result 
o f  a divergence with a 5 Myr timescale. Upon further checking with a 
tradi tional integrator,  they confirmed the exi stence o f  t hi s  divergence, 
except that the timescale i s  clo ser to 20 Myr. Subsequent integrations wi th 
the MVS integrator wit h· different step sizes sho wed divergence timescales 
varying from 3 Myr to 30 Myr. Thi s spread in estimates  appears to be due 
to t he high frequency terms that are introduced in t he MVS integrator, 
and which change according to t he stepsize. Nevertheless, there i s  clear 
evidence that t he outer massive p lanets are chaotic of themselves. Fur­
t hermore , they computed t he divergence in the trajectories of massless 
Pluto s  in each of the outer  planet in tegrations. Thi s  divergence always had 
a timescale between 1 0  and 20 Myr, i rrespective o f  the timescale fo r 
divergence in the Jovian planets. The mechanism generating t he chaotic 
behavior in Plu to appears to be independent o f  the chaos in the rest o f  the 
Solar System. 

The detection of such large Lyapunov exponents indi cates chaotic 
behavior. Ho wever, the apparent regulari ty o f  the motion o f  the Earth 
and Pluto and indeed t he fact t hat t he Solar System has survived for 4.5 
billion years implies that the chaotic regions must be narrow. What the 
chaotic motion does mean (if confirmed) i s  that t here i s  a horizon o f  
predictability for the detailed mo tion s o f  the planets. Thus, the exponential 
divergence of orbits wi th a 4--5 Myr timescale sho wn by Laskar and con­
firmed by Sussmann & Wisdom means that an error as small as  10- 10 in the 
initial conditions wi ll lead to a 100% discrepancy in 100 Myr. I t  i s  al so worth 
bearing in mind the lessons learned from integration of test particle tra ­
jectorie s, namely that the timescale for macroscopic changes in  the system 
can be many o rders o f  magnitude longer than the Lyapunov timescale s. 
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5.2 Other Planetary Systems 

There are as yet no direct visual observations of planets around other 
stars, but there has been much recent interest in the millisecond pulsar 
PSR 1 257 + 1 2  because of the claim by Wolszcan & Frail ( 1 992) that quasi­
periodic variations in pulse arrival times are most straightforwardly inter­
preted as arising from perturbations from two planetary companions. Fits 
to the residuals yield orbital eccentricities for the planets of about 0.02, 
with orbital periods near to a 3:2 commensurability and masses of approxi­
mately [3/sin(i)] Earth masses, where i is the inclination of the orbit to that 
of the sky. This system proves to be vcry interesting dynamically (Rasio 
et aI 1992, Malhotra et aI 1 992) and the orbital dynamics are reviewed by 
Malhotra ( 1 992). In particular, dynamical stability arguments like those 
discussed in earlier sections can be used to place upper limits on the 
planetary masses, and the near-commensurability induces variations in the 
planetary orbital elements that should be detectable in the next few years. 

One can of course construct initial conditions appropriate to fictitious 
planetary systems and numerically investigate the evolution and stability 
of the orbits. Early experiments of this type include those of Hills ( 1 970), 
who argued on the basis of eleven systems integrated for a few thousand 
years that near-commensurability among the final orbital periods might 
represent a more stable end-state. It seems unlikely that the systems he 
investigated would remain stable over much longer timescales, however. 
Other early numerical and analytic work on the issue of the stability of 
the general three-body problem are reviewed in Message ( 1 984). 

More recent simulations along these lines have been performed by 
Quinlan ( 1992), who integrated the orbits on Myr timescales of systems 
with four Jovian planets. He found that the majority of fifty systems 
with initial conditions chosen at random from a reasonable probability 
distribution had Lyapunov timescales less than 1 05 years and that changes 
as small as 1 % in the semimajor axis of any one of the plancts from its 
real value could lead to chaotic motion on the timescale investigated. This 
superficially suggests that our own system is perhaps less chaotic than 
might have been expected and (if these results are extended by more 
experiments) requires an explanation. 

6. SUMMARY 

We have shown how the results from research in nonlinear Hamiltonian 
systems can be used to help us understand the recent results pertaining to 
the long-term dynamical evolution of orbits in the Solar System. Although 
algebraic mappings, analytic approaches, and perturbation theory have 
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greatly aided our i ntuition i n  such nonli near problems, much of our u nder­
standing usually comes initially from numerical simulations. We have seen 
that it is now possible to perform accurate i ntegrations of planetary and 
test particle orbits o n  l OB year timescales throughout the Solar System and 
o n  1 09 year timescales i n  the region o f  the giant planets. It is o nly a matter 
of time before these limits extend to the age of the Solar System. However, 
these i nvestigations have become probabilis tic i n  nature, so much remains 
to be done in the way of numerical exploration of the sorts of outstanding 
problems described in the sections above. Taken together, these inves­
ti gatio ns should lead to a better u nderstanding o f  the ori gi n, nature, and 
co nsequences o f  chaos in the long-term dynamics of the existing system. 

It is also clear fro m what has bee n  discussed here and elsewhere [see e.g. 
the review by Lissauer ( 1 993) in this volume and also Wetherill ( 1991 )] 
that long-range gravitational interactions must have influenced planet 
formation itself. It is now possible to undertake more realistic simulations 
o f  the l ate s tages o f  planet for mation, i ncluding the long-range mutual 
interactions of the planetary embryos. This work, together with further 
numerical experi me nts and analytic approaches o f  the sort described 
above, should deepen our understanding of the newly emerging picture of 
the dynamical evolution of our Solar System. 
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